LOCAL AND GLOBAL WELL-POSEDNESS TO MAGNETO-ELASTICITY SYSTEM 
ZONGLIN JIA 


ABSTRACT. In this article we employ classical tricks to give local and global well-posedness to Magneto- 
Elasticity System. Different from many cases, we consider the equation which the magnetic field satisfies is 
Landau-Lifshitz system without viscidity, i.e. the Schrodinger flow. As is well known, people can not obtain 
global existence of Schródinger flow at general cases. However, the reason why we do what others can not 
do is the Schródinger flow with non-zero convection term. 


AMS SUBJECT CLASSIFICATIONS. 35B45, 35B65, 35Q35, 76D03, 76D09, 76D10 
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1. INTRODUCTION 


The discovery of magnetoelasticity dates back at least to the 19th century. This literature in the area 
is refered to [1]. Magnetoelastic interaction describes a class of phenomena on the interaction between 
elastic and magnetic effects: if a ferromagnetic rod is subject to a magnetizing field, the rod changes not 
only its magnetization but also its length, and in the opposite way, if the rod experiences tension, its length 
as well as its magnetization changes. 

Usually, the evolution of magnetoelasticity is modeled by : 


ðw + Vov + Vp+ V- (2AVM o VM -W'(F)F")-vANv = uo(V Hert) M, 
(1.1) V-v=0, 
0,F + V,F - VvF = KAF, 
O,M + Va M = -yM x (2AAM t Lo He) — AM x [M x (2AAM F uoĦHext)], 


where v > 0 is the viscosity of the fluid, v : R x R? > R? is velocity, M : R x R? > S? stands for 
magnetization and F : R x R? + R%¢ represents the deformation gradient with respect to the velocity v. 
K, A and uo > 0 are parameters coming from the Helmholtz free energy. y > 0 is the electron gyromagnetic 
ratio and \ > 0 is a phenomenological damping parameter. W : R%¢ — R is the elastic energy and “T” 


means the transpose of a square matrix, while “x” and *" are respectively the vector production of R? and 
the inner production of IR?. The known function p : R x R? > R is the hydrodynamic pressure. VM © VM 
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d 
(VM o VM); - Y ðM; Mi. 
k=1 


H4: R x RI > R¢ denotes the given external magnetic field. Note that V, M is called convection term. 
The system we consider is the following simplified one 


ðw -v:Vu-Vp* VV(VMoOVM-FF")-zvAv 


V-v=0 

(1.2) OF +v. VF = WF 
ðM -*v- VM - Mx AM -0 
|M| = 1, 


Moreover, the initial data is imposed on 


v(0,z) = u(x) eR", F(0,z)- Fo(x) R”, M(0,2) = Mo(z) eS? 


with compatibilities V - vo(x) = 0 and detFo(x) = 1. 
Before describing our main theorems, we firstly give the definition of weak solutions. 


Definition 1.1. We say that 


M e L” ([0,T) x RO(|C*([0, T), L2) (] P([0,7), 2) with vM eZ? ([0, 7), 2 (] L9) 
Fe gX^(o T zz ure oT), L?) 


v e C*((0, T), 22) (1 22(0, T), I 122) (1 2A(0, T), 24) 
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is a weak solution of the first type to (1.2) if, for any set of functions ($, Y, x) e C! ([0, T), H+) and 
f € H1, one has 


I (v(t, ‘), (t, 2 J (vo. ®(0, )) -f J| v (v, x) - fa f (v, v. va) + + fo J Vp, ® 
-Af See FFT, v6) +v fo [ (Vv, vo) =0 
[Gt ), vf) = 
FEGI VEN- SENTO) I [Usa - e [Use v) - favis) = 
Jt), FC) - S (0, ), Fo) - Jo J (OV, F) og UV) F)- -Jf (V, VuF) =0 
aves - f (Mo, x(0, )) -Jo JK (M, OX) - Jo J (M, v: Vx) -f Ji (M x VM, Vx) =0 
for any t € [0,T). 
Definition 1.2. We say that 


M e L*([0, 7) x RO(|C?([0, T), L2) (] ([0, 7), L?) with vM e£?([0, T), P AQI) 


Fe Z?( T), ET) Borg L*([0,7) x R?) Ge rleote L? ([0,T), PAEH WC Ye (0 T), L?) 
v € C (0, T), 22) (12^ ((0,T), H) AZIO, T), Z4 (422) 


is a weak solution of the second type to (1.2) if, for any set of functions (9, V, x) e C! ([0, T), H!) and 
f € H1, one has 


flo(t,-), ®(t,-)) - f (vo. 9(0,-)) - fo f (v,8,9) - hf (v, v: VĒ) + )* fo ^ Vp, ® 
-fof(vMevM,ve)« fo [(F4gvG) FF! «[(CF7)p vGT]ET 9 iT Vv, V0) -0 
f (v(t,-), VF) = 

S (GH), Vt = (Go, W(0, )) - fo S (G, 8%) - fo S (G, v: VV) + fo S (G + vv, V) -0 
Slt, -),G(t,-) v baler E 
E. Ji x(t,-) ) - [ (Mo. x(0, )) - fo f (M, &x) - fo [ (Mv: Vx)- f [(MxvM,vx) -0 


a.e. 
Our results are the following 


Theorem 1.3. (Local well-posedness) s > 2 is a given integer and d € {2,3}. (vo(x), Fo(x), Mo(x)) € 
RI x R&¢ x S? is the initial data satisfing vo, Fo, V Mo € H5. Moreover, we also assume 


Eo = |[vollžrs + |lFolliz> + IIVMollizs < 00. 


Ifs > 3 or s = 2 and d = 2, then there exists a positive number T, depending only on £o, and a set of 
functions (v, F, M) obeying 


vel” TLES IE qr, F e L” ([0,T], H), vMeL?([0,T], H?) 
and 


T 
2 (Io) + Er + VME) + uL v| vll. $ 1, 


such that (v, F, M) is a unique local strong solutions to ). If s = 2 and d = 3, there exists at least a 
local weak solution meeting the above inequality. 
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Theorem 1.4. (Global well-posedness) s > 2 is a given integers and d € (2,3). (vo(x), Fo(x), Mo(x)) € 


RI x R* x S? is the initial data satisfing vo, Fo, VMo € H*. Moreover, we also assume Go := Fy! - I 
satisfies 


8,G7* = GY Vi, jk=1,2, d 
and that 


detFy = 1, Ilvollĝrs + I| Fo — Z| 26 + ||V Mollis < €o 


for some small positive number eo. If s > 3 or s = 2 and d = 2, then there exists a set of functions (v, F, M) 
with G :- F-! — I obeying 


veL"(R'H?), Vve L? (R*, H°), GeL*(R'H9), VM eL” (R+, H*), 


OÓveL*(R*H*7), | àGeL*(R*, H*?) 


and 


us + IIG) 


us + IVM(t) 


us + lAv(t)| 


us + |l) 


inür S €o 


le) bes [ Mv 


for all t > 0, such that (v, F, M) is a unique global strong solutions to (1.2). If s = 2 and d = 3, there 
exists at least a global weak solution meeting the above inequality. 


Remark 1.5. The fact that F is invertible implies that v never vanish and so does the convection term. 


2. UNIQUENESS OF STRONG SOLUTIONS 
2.1. Uniqueness of local existence. Suppose that (v;, F;, M;)(i € (1,2]) are two solutions to (1.2). 


Olvi- v2) = (Ug — v1): Vogt v4 - V(v3 v4) + vA (Qv, — V2) 
*V-[V(M5 - Mi) © VM3] + V- [VM e V(Ms - Mi)] 
+V- [(Fi- Fo) FF] + F(FT - F7)] 
(2.1) V- (v1 — v2) =0 
O(F-PF) -(v-v) VFo +01: VES - Fi) + V(vi-v3)Fi + Vo(F - Fo) 
(Mı = M3) = (vo - v) ; VM, tU»: V(M» = Mi) F (Mo = Mı) x AM, 
TM» x A(Mp = Mı). 


Define the energy as follow 
E(t) = ||vi (t) - vo CO ls + LPS CO) - FeO) lee + |M: CO) - Mln- 
It is easy to get 


dE 
TE = 2 f (i vs. - eve) +2 f (Fi - Fa, OF - F2) 


(2) +2 (My - M, 0 00) -2 f (Avi - Av», dv - pvr) 


-2 f - AMa,9,M; - 0,Mp) 
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Substituting into gives 


T g f osfvele f Ian -YM (wal eI Ma vs - vos 

+f Wor- vos |F - RI QRES ED + f I P lor - wal IRI 
+ f [vi — vo] - for] - | Vv - Vea] + f [Fi - Pol [VF - v E v 
+ J [Vv - Vv3|- [1| |F - Fol + J |F - Fol? - [Vv] + J (|Vv3| + |Vvi|) - |Vvi - Vv]? 
+ f m - Mal- vi - val- |Y Mi] + f IM; - M3|- |VMa|- |Y M; - v Ma] 
+ J Iv - Val: Iv? = v? MAI Qv Mal + |I Mil) + |V? M: - v?M3| (IV? M3| + Iv? M] 
" J [Yvi - Von]: [JV2Fy - V2 - (JA + |) + IVF. - VFV Fi] + |Y Fal] 
+ J. [Vv - Vv3|- |F - E4(IV2.£4| + |V? F|) + J lvi — v|- |V M|: |V? M; - V? Mhol 
+ f loal: |V Mi - YM: Iv? Ms - Y? M| + fim - Mp] -|V Mi - Y M|: Iv? Mi] 

$ |i - volle: ||Vv2llze + ||V Ma - V.Ma]]ze : (V Mil]zs + |V Mə]lz=) : ||Vor 7 Vvollz 


eI Vv: - Vvallzz - FS - Folle - (Fillze + ||Pallze) + LP - Follz2 = lios — valle < [V Falls 
*||vi = vallz2 - llvillzs < ||Vv 7 Vvollze + ||P 7 Falls «|| VF -= VFollze - [ville 
«Pi - Falla -||Vuallz~ + CIVvsllze + IVvillz) - Vv: - Volz 
*|vi = vallze -|V Ml] + |I VMollz2 - | VM; - VMollz2 
+||Vor - Volz - ECIIV? Mir + [V° Maze) - (IV Mallzs + |V Millze ) + (II? Mallia + Iv? Mallzs)] 
+||Vor - Vva|lrs - [((V Fill + IV? Fallzz) - (WlFillce + lF) + IVF? + ||VFall2o] 
+|[Vor — Vvallz - FA - Falle~(IIV7Fillze + IV? Fallzz) + llor — valle «IV Malle -|V Mi - V? Mallzz 
*|lvellze -|V Mi - v Mellze - IV? Mi - V? Mollze + || V Mi - V Mollze - | v? Mallee 
The Sobolev Embeddings H5 > L* for s > 2, H* + W?* for s > 3 and H° ^ W^ for s > 3 give 
Welles *|IVesllz $1, — [IVMillwis + |V Molwis $1 
and 
WW Milica + ||VMəllza $1, — IIVFilwie + [|VFollwi~ $ 1, 
which implies 
d£ 
dr ^ los — voll72  ||V.Mi - V.Mallra - ||Vvi — Vvzllz2 + lor — vəllz2 + |V M - V Mall 
+|[Vor - Vvsl[ra - || Fs - Police + ||Fi - Follz2 - [lor — valla + || Vv - Vvs]|zz 
+llor = vellz : [Vei -= Vvollzz + Fi - Palle + [IF - Folle + lvi - Vesllz2 
s E+E! 


and ensures the uniqueness. 
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2.2. Uniqueness of global existence. Define 
E(t) = ||va (t) - v9 CO] + IGE) - Gs CO Iz + M) - Mx Os 


and compute d£/dt. The method is the same as that of Uniqueness of local existence. So we omit the 
proof. 


3. PROOF FOR EXISTENCE 
3.]. Existence of Local solutions. Construct the following approximate equation 


Qiu + Ve- Vu; + Vp + V. (VM; © VM,- FFI) = vAv, 
V-:ug =0 

OF. tUe: V F- = Vue FP. 

Me + vg: VM. + Mz x AM; = e (AM; + |VM;P Me) 
|M. =1 

(ve, Fe, Me) li-o z (vo, Fo, Mo) - 


From [2] it follows that the approximate system admits local well-posedness and global well-posedness 
with small initial data, if we take Heyt = 0 in that article. 


Lemma 3.1. ( I2] Given an integer s > 2 and d € {2,3}, there exists a positive number T, depending only 
upon 
£o `= ||vol[zr« + ||Follz» + |V Mol 


such that the approximate system admits a unique solution (ve, Fe, Me) satisfying 


5 T 
2.) + f (Iv 


255 86 


us + IF: 


us + Iv Mel 


us + e[AM.| 


(3.1) sup (|lv-| ES 
te[0,T] 


where C is only dependent of £y and T. 


3.2. Proof of local existence. From we know that there exist three functions 
MeL^([0,T] xR, R?), FeL"([0,T],H*) and veL*([0,T], H*) 


such that, as £ tends to 0, 

M; — M weakly-» in L?([0, T] x R2, R?) with |M] < 1; 
VM. — VM weakly-» in L*([0, T'], H5); 

F, — F weakly-« in L*([0, T], H5); 

Ue — v weakly-« in L"([0, T], H*), 

and 


us + |F) 


no + IVM(t)I 


2 
i 


T 
sup (Ile) i) f uve 
te[0,T] 0 
Now we discuss two cases: 

Case 1: s>30rs=2andd=2 


At this case, we say that H5 > W ^ by Sobolev embedding Theorem, 


T 
sup VMO + [^ vvk- <1 
te[0,T'] 0 


and 
Ov+u-VYu+Vp+V-(VM OVM - FF") =vAv 
V-v=0 
OF +u0-VEF=VuF 
OM+v0-VM+MxAM =0. 
In the next, we shall prove |M| = 1. Indeed, it is easy to get 
A(MP)ev.v(IMP)-0 — ad — |M(0,-)? = [MP =1 


which implies our desired result. 
Case 2:5 = 2 and d = 3 


Note the embedding H?(R*) > C1/2(R3). From (3.1) it follows that for any ô € [0, 1/2), one are able 
to get, 


vv in C, FF in CÓ and VM.—VM in C. 


Taking arbitrary functions (, V, x) e C! ([0, T], H!) and f € H! to multiply both sides of the approxi- 
mate equations, we obtain 


J (ve(t,-), D,- f (vo, (0. )) - fo f( Ve, 00) )- ho f( Ue, Ve VÀ) + fo fi Vp, ® 
- fo [ (VM: © YM. - FFT, v6) +v f! f (Vue, và) = 0 

f (ve(t,-), VA) = 

f A6), Ut) - f (Fo, 9(0,)) - fo J (Fa 8) ) - fofi Fe, ve VV) - fo fk (VueFe, V) =0 

J (G5), Fe(t,-)) - (U0, -), Fo) - fo [ (9. F.) ) - fo [ (ve VY, Fe) - f, fi (V, Vv. F.) - 0 
JAM.) xlt, )) - S (Mo, x(0,-) ML - fo f (Me, oe - Vx) = fa S (Me x V Me x) 
+e fo fi vi -€ fa f IV MPM. ax) 


Combining the weak-« convergence and Nun convergence gives 


f (v(t,-), 9 (t,-)) - f (vo, 9(0,-)) - fo f (v, 8,4) - fó [ (v, v: VĒ) + A fi (Vp, ® 
-ff(vMevM-FF',vo)«v[f,; f(vv, và) =0 

f v(t,-), vf) = 

SAEC), 9(t,)) - f (Fo, €(0,-)) - fo (FW) - fo [ (F v: VE) - f, fi (VoF, V) -0 

f (96), F(t,)) - f (9(0,), Fo) feras, p) - P fie ve. F)- fia. vor)» 0 
tuum di Mo, x(0, 3); - fofi M, Ox) - f [(M,v: vx)- -f (M xVM, Vx) =0 


Now we are going to prove |M| = 1 almost everywhere. Otherwise, there exists a number n € (0, 1) such 
that the measure of the set S :- ((t,x) € R x R? : |M| < n} is positive. Without loss of generality, we 
assume that 


B. :- [0,.) x B(0,€) c S, 


where B(0, €) is the open ball in R? with radius c centerring at the origin. 
Let x :- M with ó € C% (B.) being non-negative and always being 1 in B42. It is not difficult to get 


Jos; (OP -1) e: Jod </2) aa 
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which is equivalent to 


M(t,-)8-1)-0 
= (M(t, ) 
for all t € [0, €/2). However, 
f... (MEAP -1) < 0- BO, 2) <0 
B(0,¢/2) 
which means a contradiction. 


3.3. Existence of global solutions. 


Lemma 3.2. ( {2\)) Under the assumptions of Lemmal3.1] the approximate system admits a unique solution 
(ve, Fa, Mz) constructed in Lemma. I|satisfying 


lve) irs Ge CO Ms + [V M CO En + lOve) ps2 0G COL 
t 
(3.2) + f (v||[Vve(T)]?r + ell Mir). dr S €0 
for all t > 0 with G, := Fr! — I, if we assume furhter that Go := Fy‘ — I satisfies 
8,G7* = GY Vi, jk=1,2, d 
and that 
detFo = 1, llvollžrs + Fo — I lEs« + IV Mollizs < €o 


for some small positive number €o. 


3.4. Proof of global existence. Defining 


3 3 
(Aq VB), :- > Y And; Bix 


j=1 i=1 

tells us that the approximate system is equivalent to 

Opve + Ve VUe + Vp + V. (VM. © VM.) + (Fe VGI) FFI 
+[(FLFI){ VGI]E] = vAv: 

V-:ue =0 

OG, + vg: VG. + (Ge + D) Vv; = 0 

Me + vg VM; + M; x AM, = (AM, + VM; Mi) 

|M.| = 1. 

From we know that there exist three functions 


Me L” (R* x RR’), GeL*(R',H?) and veL*(R*,H?) 


(3.3) 


such that, as £ tends to 0, 
M; — M weakly-* in L*?(R* x R2, R?) with |M] < 1; 
VM; — VM weakly-« in L*(R*, H5); 

Ge — G weakly-* in L” (R*+, H°); 

ôG: — ôG weakly-» in L® (R+, H-2); 

Ug — v weakly-« in L” (R+, H5); 


Ve — Ov weakly-« in L” (R+, H*?), 
and 


t 
Ioas + HG CO Ms + TM CO gs + lvo CDs + NAGE) Masa + L v||Vo(T)|lisdT $ eo 


for all t > 0. Now we study two cases: 
Case 1: s > 3 or s = 2 and d = 2 
At this case, Sobolev Embedding Theorem implies H° ^ WŁ% and 


t 
IP MCI. + f. vv e. 
From the approximate system it follows that 
AFell2 S [lve + VF elle + ||Vve (Fe — T) las + ||Vvel]zs-2 
[ell c= |V Fels + ||Vvellze le — Ilas- + lIVvellus-2 
lel. LES — Hrs + ||Vvellas-2 S (vellas + 1) |F; — Ils 
(vella: + 2) lGa se”, 
where we have used (3.3) of [3]. Moreover, (3.3) of also tells us that we can find a function F such 
that F; - I — F - I weakly-* in L” (R+, H°), which means ôF; —> O,F weakly-« in L” (R*+, H5?), 
F, — F weakly- in L*(R*, Wb), lE que wi) $ 1+ €^ and ||F - Ilze wie) S eg. Now we 
say F(G +I) =I, since F.(G.+ I) - I. 
Appling the same method of Case 1 of Local existence gives 
Qv tv-Vv* Vp* V.(VMOVM)«(FpVG') FFT + [((FFT)gvG"]F" -vAv 
V-v=0 
OAG+uv-VG+(G+1)Vv=0 
ogM - v- VM - x AM =0 
|M] =l; 
which is equivalent to (1.2). 
Case 2: s = 2 and d = 3 


The approach is similar to that of Case 2 of Local existence. Hence we omit it. 
This completes all the proof. 
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